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Let Γ be a dual polar graph in a unitary space. It is well-known
that a point-stabilizer in the unitary group is transitive on the last
subconstituentΛ ofΓ . In this paper, we determine all the suborbits
of this action, calculate its rank and the length of each suborbit.
Note that the induced subgraph on Λ is quasi-strongly regular. As
an application of our results, all its parameters are computed.
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1. Introduction
Let Fq2 be a ﬁnite ﬁeld with q
2 elements, where q is a prime power. Fq2 has an automorphism of
order 2: a → a¯ = aq, which has the ﬁxed ﬁeld Fq. Let Fnq2 be the row vector space of dimension n
over Fq2 . The set of all m × n matrices over Fq2 is denoted by Mmn
(
Fq2
)
, and Mnn
(
Fq2
)
is denoted
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byMn
(
Fq2
)
for simplicity. For any matrix A = (aij) ∈ Mmn
(
Fq2
)
, we denote the transpose of A by tA,
and write A = (a¯ij), A∗ = tA.
Let ν be a positive integer and
H2ν+δ =
⎛
⎜⎝0 I
(ν)
I(ν) 0
I(δ)
⎞
⎟⎠ , δ = 0 or 1.
The set of all (2ν + δ) × (2ν + δ) matrices T over Fq2 satisfying TH2ν+δT∗ = H2ν+δ forms a group
with respect to the matrix multiplication, called the unitary group of degree 2ν + δ over Fq2 with
respect to H2ν+δ and denoted by U2ν+δ
(
Fq2
)
. U2ν+δ
(
Fq2
)
acts on F2ν+δ
q2
by the vector matrix mul-
tiplication. F2ν+δ
q2
together with this action is called the (2ν + δ)-dimensional unitary space over Fq2 .
A matrix representation of a subspace P is an array whose rows form a basis for P. When there is
no danger of confusion, we use the same symbol to denote a subspace and its matrix representation.
An m-dimensional subspace P of F2ν+δ
q2
is said to be of type (m, r) if the matrix PH2ν+δP∗ is of rank r.
Subspaces of type (m, 0) inF2ν+δ
q2
are called totally isotropic subspaces of dimensionm. It is well-known
that maximal totally isotropic subspaces of F2ν+δ
q2
are of type (ν , 0).
The Hermitean dual polar graph Γ (on the unitary space F2ν+δ
q2
) has as vertices the maximal totally
isotropic subspaces; two vertices P and Q are adjacent if and only if dim(P ∩ Q) = ν − 1. It is well-
knownthatΓ hasdiameterν . Dualpolar graphsare famousdistance-regular graphsandhavebeenwell
studied [1,2,9]. For anyvertexP ∈ Γ , the ith subconstituentΓi(P)with respect toP is the inducedgraph
on the set of vertices at distance i from P inΓ . Munemasa [8] initiated the study of the subconstituents
of dual polar graphs in the orthogonal spaces, and characterized the ﬁrst and last subconstituents.
Subsequently, Wang and coworkers [6,7,12,13] characterized all the subconstituents of dual polar
graphs under ﬁnite classical groups.
Let G be a group acting transitively on a ﬁnite setΩ . For a ﬁxed element a ∈ Ω , the stabilizer Ga is
not transitive on Ω in general. The orbits of Ga on Ω are said to be suborbits, and the number of such
suborbits is the rank of this action. Wei and Wang [14–16] studied the suborbits of the transitive set
of totally isotropic subspaces under ﬁnite classical groups. We discussed similar problems in singular
classical spaces in [5,11].
Let Γ be a Hermitean dual polar graph deﬁned above. It is well-known that a point-stabilizer of
P ∈ Γ in U2ν+δ
(
Fq2
)
is transitive on the last subconstituent Λ of Γ . In this paper, we study the
suborbits of this action. In Section 2, we determine all the suborbits of this action, and calculate the
rank and the lengths of these suborbits. In Section 3, we discuss an application of our results.
2. Suborbits
Let Γ be the dual polar graph in the unitary space F2ν+δ
q2
. If δ = 0, then Λ is isomorphic to the
Hermitean forms graph on Fν
q2
(see [12]). In this case, the suborbits of the stabilizer of P0 in U2ν
(
Fq2
)
on Λ are just the distance partition. So the case δ = 1 is the main objective of this paper.
We will ﬁx our notation here. Denote by [X1, X2, . . . , Xt] the block diagonal matrix whose blocks
along themain diagonal arematricesX1, X2, . . . , Xt , and by (A B, . . . , C) thematrixwhose block entries
are A, B, . . . , C. Denote by I(m) the identity matrix of order m, and by 0(p,q) the zero matrix of order p
by q or 0(p) when p = q.
We now study the suborbits of the stabilizer of P0 in U2ν+1
(
Fq2
)
on Λ. Since U2ν+1
(
Fq2
)
acts
transitively on the subspaces of the same type, we may choose P0 =
(
I(ν) 0(ν) 0(ν ,1)
)
. By [12], Λ
consists of subspaces of form
(
A I(ν) Z
)
, where A ∈ Mν
(
Fq2
)
and Z ∈ Mν1
(
Fq2
)
satisfy A + A∗ +
ZZ∗ = 0.
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Let G0 be the stabilizer of P0 in U2ν+1
(
Fq2
)
. It is well-known that G0 acts transitively on Λ. For
any P1 ∈ Λ, the suborbits of G0 are just the orbits of the point-stabilizer of P1 in G0 on Λ. Let P1 =(
0(ν) I(ν) 0(ν ,1)
)
∈ Λ and G01 be the stabilizer of P0, P1 in U2ν+1
(
Fq2
)
. Then G01 consists of matrices
of the following form:
[T, (T∗)−1, x], (1)
where T ∈ GLν
(
Fq2
)
and xx¯ = 1. The action of U2ν+1
(
Fq2
)
on F2ν+1
q2
induces an action G01 on Λ:
Λ × G01 −→ Λ
((A I(ν) Z), [T, (T∗)−1, x]) −→ ( T∗AT I(ν) x T∗Z).
Let SHer(ν , q2) be the set of ν × ν skew Hermitian matrices over Fq2 , i.e., SHer(ν , q2) = {X ∈
Mν
(
Fq2
)
|X∗ = −X}. In order to determine the orbits of G01 on Λ, we need to introduce an action on
SHer(ν , q2). Denote byH the set of all matrices of the form(
t11 0
T21 T22
)
, (2)
where T21 ∈ Mν−1,1
(
Fq2
)
, T22 ∈ GLν−1
(
Fq2
)
and t11 t¯11 = 1. ThenH is a subgroup of GLν
(
Fq2
)
, and
there is an action ofH on SHer(ν , q2):
SHer(ν , q2) × H −→ SHer(ν , q2)
(X, T) −→ T∗XT .
Let F×q = Fq\{0} and F×q2 = Fq2\{0}. We will need the following result [10, Lemma 5.1].
Lemma 2.1. For any μ ∈ F×q , the equation xx¯ = μ has exactly q + 1 solutions in F×q2 . For any μ ∈ Fq,
the equation x + x¯ = μ has exactly q solutions in Fq2 .
By Lemma 2.1wemay choose two ﬁxed elements ε andμ of F×q such that ε + ε¯ = 0 andμ + μ¯ =−1. By [12, Theorem 3.2], any vertex of Λ is of the form(
X + μZZ∗ I(ν) Z
)
, (3)
where X ∈ SHer(ν , q2) and Z ∈ Mν1
(
Fq2
)
.
Lemma 2.2. The orbits ofH on SHer(ν , q2) have the following representatives:[
0(1), εI(r), 0(ν−r−1)
]
,
[
εa, εI(r−1), 0(ν−r)
]
,
[
A2, εI
(r−2), 0(ν−r)
]
, (4)
where a ∈ F×q , 0 r  ν and A2 =
(
0 1
−1 0
)
.
Proof. Obviously, {0(ν)} is an orbit. Let X ∈ SHer(ν , q2) with rank r > 0. Write
X =
(
x X12−X∗12 X22
)
, X22 ∈ SHer
(
ν − 1, q2
)
.
Then rank X22 = r − i, i = 0, 1 or 2. Note that ε−1X is Hermitean, so is ε−1X22. Hence there exists a
T1 ∈ GLν−1
(
Fq2
)
such that T∗1 (ε−1X22)T1 =
[
I(r−i), 0(ν−r+i−1)
]
. Let
X12T1 = (
r−i ν−r+i−1
Y12 Y13
)
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and
T =
(
1
T1
)⎛⎜⎝
1
ε−1Y∗12 I(r−i)
I(ν−r+i−1)
⎞
⎟⎠ .
Then T ∈ H. Set y = x + ε−1Y12Y∗12. Then y + y¯ = 0 and
T∗XT =
⎛
⎜⎝
y 0 Y13
0 εI(r−i) 0
−Y∗13 0 0(ν−r+i−1)
⎞
⎟⎠ .
Case 1: rank X22 = r. Then y = 0, Y13 = 0 and T∗XT =
[
0(1), εI(r), 0(ν−r−1)
]
.
Case 2: rank X22 = r − 1. Then Y13 = 0 and y /= 0. Let a = ε−1y. Then a ∈ F×q and T∗XT =[
εa, εI(r−1), 0(ν−r)
]
.
Case 3: rank X22 = r − 2. Then Y13 /= 0 and there exists a T2 ∈ GLν−r+1
(
Fq2
)
such that Y13T2 =(
1 0(1, ν−r)
)
. Let
S =
(
I(r−1)
T2
)⎛⎜⎜⎜⎝
1
0 I(r−2)
μy 1 0
I(ν−r)
⎞
⎟⎟⎟⎠ .
Then TS ∈ H and (TS)∗X(TS) = [A2, εI(r−2), 0(ν−r)].
Note that matrices of difference ranks can not be in the same orbit. Now we show that no two
matrices in (4) can fall into the same orbit. For example, if there exists a T ∈ H of form (2) such that
T∗
[
0(1), εI(r), 0(ν−r−1)
]
T =
[
εa, εI(r−1), 0(ν−r)
]
,
thenT∗22[εI(r), 0(ν−r−1)]T22 = [εI(r−1), 0(ν−r)],which is impossible sinceT22 isnonsingular. Theother
cases can be treated similarly. 
Theorem 2.3. Let E1 be the column vector of length ν with 1 in the ﬁrst position as the only nonzero
component. The orbits of G01 on Λ have the following representatives:(
[εI(r), 0(ν−r)] I(ν) 0(ν ,1)
)
,(
[μ + εa, εI(r−1), 0(ν−r)] I(ν) E1
)
,(
[A2, εI(r−2), 0(ν−r)] + μE1E∗1 I(ν) E1
)
,
(5)
where a ∈ Fq and 0 r  ν. Hence, the rank of the stabilizer of P0 in U2ν+1
(
Fq2
)
on Λ is 3ν.
Proof. The second assertion follows immediately from the ﬁrst one.
It is obvious that {P1} forms an orbit. Suppose P ∈ Λ \ {P1}. Then P = (X + μZZ∗ I(ν) Z), where
rank (X + μZZ∗ Z) = r > 0.
If Z = 0, then rank X = r. By the proof of Lemma 2.2, there exists a T ∈ GLν
(
Fq2
)
such that
T∗(ε−1X)T = [I(r), 0(ν−r)]. Clearly, [T, (T∗)−1, 1] ∈ G01 carries P into(
[εI(r), 0(ν−r)] I(ν) 0(ν ,1)
)
.
If Z /= 0, then there exists an S ∈ GLν
(
Fq2
)
such that S∗Z = E1. By Lemma 2.2, there exists a T ∈ H
of form (2) such that T∗(S∗XS)T is one of the following matrices:
F. Li et al. / Linear Algebra and its Applications 433 (2010) 333–341 337
[
0(1), εI(t), 0(ν−t−1)
]
,
[
εa, εI(t−1), 0(ν−t)
]
,
[
A2, εI
(t−2), 0(ν−t)
]
,
where a ∈ F×q . Since
[
ST, ((ST)∗)−1, t11
]
∈ G01 preserves rank (X + μZZ∗ Z), t = r − 1, r or r, re-
spectively.
Case 1: (ST)∗X(ST) =
[
0(1), εI(r−1), 0(ν−r)
]
. Then
[
ST, ((ST)∗)−1, t11
]
carries P into([
μ, εI(r−1), 0(ν−r)
]
I(ν) E1
)
.
Case 2: (ST)∗X(ST) =
[
εa, εI(r−1), 0(ν−r)
]
. Then
[
ST, ((ST)∗)−1, t11
]
carries P into([
μ + εa, εI(r−1), 0(ν−r)
]
I(ν) E1
)
.
Case 3: (ST)∗X(ST) =
[
A2, εI
(r−2), 0(ν−r)
]
. Then
[
ST, ((ST)∗)−1, t11
]
carries P into([
A2, εI
(r−2), 0(ν−r)
]
+ μE1E∗1 I(ν) E1
)
.
Note that no two subspace of different types can be in the same orbit. What is left to show that no
two subspaces in (5) can fall into the same orbit. For example, if there exists an element in G01 of form
(1) that carries
([
μ + εa, εI(r−1), 0(ν−r)
]
I(ν) E1
)
to
([
A2, εI
(r−2), 0(ν−r)
]
+ μE1E∗1 I(ν) E1
)
, i.e.,(
T∗[μ + εa, εI(r−1), 0(ν−r)]T I(ν) x T∗E1
)
=
(
[A2, εI(r−2), 0(ν−r)] + μE1E∗1 I(ν) E1
)
.
Then
T∗[μ + εa, εI(r−1), 0(ν−r)]T = [A2, εI(r−2), 0(ν−r)] + μE1E∗1 and x T∗E1 = E1.
It follows that T is of the form
T =
( 1 ν−1
x 0
S21 S22
)
1
ν−1
and
S∗22[εI(r−1), 0(ν−r)]S22 = [0, εI(r−2), 0(ν−r)],
which is impossible since S22 is nonsingular. The other cases can be treated similarly. 
Denote by Φ1(r), Φ2(r, a) and Φ3(r) the orbits of G01 on Λ containing([
εI(r), 0(ν−r)
]
I(ν) 0(ν ,1)
)
,
([
μ + εa, εI(r−1), 0(ν−r)
]
I(ν) E1
)
and ([A2, εI(r−2), 0(ν−r)] + μE1E∗1 I(ν) E1), respectively.
By [10, Theorems 1.6 and 5.16],
∣∣∣GLm (Fq2)∣∣∣ = qm(m−1)
m∏
i=1
(q2i − 1) and
∣∣∣Um (Fq2)∣∣∣ = qm(m−1)2
m∏
i=1
(
qi − (−1)i
)
.
Theorem 2.4
|Φ1(r)| = |GLν
(
F
q2
)
|
|Ur
(
F
q2
)
|·|GLν−r
(
F
q2
)
|·q2r(ν−r) ,
|Φ2(r, a)| = |GLν
(
F
q2
)
|
|Ur−1
(
F
q2
)
|·|GLν−r
(
F
q2
)
|·q2r(ν−r) ,
|Φ3(r)| = |GLν
(
F
q2
)
|
|Ur−2
(
F
q2
)
|·|GLν−r
(
F
q2
)
|·q2r(ν−r+1)−3 .
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Proof. Let W1r be the stabilizer of
([
εI(r), 0(ν−r)
]
I(ν) 0(ν ,1)
)
in G01. Then W1r consists of matrices
[T, (T∗)−1, x], where
T =
( r ν−r
S11 0
S21 S22
)
r
ν−r , S
∗
11S11 = I(r).
So |W1r | =
∣∣∣Ur (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r)(q + 1). Note that |G01| = ∣∣∣GLν (Fq2)∣∣∣ · (q + 1). We
have
|Φ1(r)| = [G01 : W1r] =
∣∣∣GLν (Fq2)∣∣∣∣∣∣Ur (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r) .
Let W2ra be the stabilizer of
([
μ + εa, εI(r−1), 0(ν−r)
]
I(ν) E1
)
in G01. Then W2ra consists of ma-
trices [T, (T∗)−1, x], where
T =
⎛
⎝
1 r−1 ν−r
x 0 0
0 S22 0
S31 S32 S33
⎞
⎠1
r−1
ν−r
, S∗22S22 = I(r−1),
which follows that |W2ra| =
∣∣∣Ur−1 (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r)(q + 1) and
|Φ2(r, a)| = [G01 : W2ra] =
∣∣∣GLν (Fq2)∣∣∣∣∣∣Ur−1 (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r) .
Let W3r be the stabilizer of ([A2, εI(r−2), 0(ν−r)] + μE1E∗1 I(ν) E1) in G01. Then W3r consists of
matrices [T, (T∗)−1, x], where
T =
⎛
⎜⎜⎝
1 1 r−2 ν−r
x 0 0 0
s21 x −xε S∗31S33 0
S31 0 S33 0
S41 S42 S43 S44
⎞
⎟⎟⎠
1
1
r−2
ν−r
,
S∗33S33 = I(r−2),
ε−1x s¯21 + (ε−1x) s21 = S∗31S31.
Wecandeduce fromLemma2.1 that thenumberof (s21, S31) satisfyingε
−1x s¯21 + (ε−1x) s21 = S∗31S31
is q2(r−2)+1. Therefore,
|W3r | =
∣∣∣Ur−2 (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r) · q2(r−2)+1 · (q + 1)
and
|Φ3(r)| = [G01 : W3r] =
∣∣∣GLν (Fq2)∣∣∣∣∣∣Ur−2 (Fq2)∣∣∣ · ∣∣∣GLν−r (Fq2)∣∣∣ · q2r(ν−r+1)−3 . 
Remarks. Wang et al. [12] proved that for any vertex P of the Hermitean dual polar graph Γ in F2ν+1
q2
,
themth subconstituent Γm(P) is isomorphic to
[
ν
m
]
q2
· H(m), whereH(m) is the graph with the vertex
set {
(X Z) | X ∈ Mm
(
Fq2
)
, Z ∈ Mm1
(
Fq2
)
and X + X∗ + ZZ∗ = 0
}
,
and (X Z) and (X1 Z1) are adjacent if and only if (X − X1 Z − Z1) is of rank 1. Note that the mapping
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(X Z) → (X I(m) Z)
is an isomorphism from H(m) to the last subconstituent of the dual polar graph on the unitary space
F2m+1
q2
. Therefore, the study of subconstituents of a dual polar graphmay be reduced to that of the last
subconstituent.
3. An application
As a generalization of strongly regular graphs, quasi-strongly regular graphs were discussed by
Golightly et al. [4] and Goldberg [3].
Let c1, c2, . . . , cp be distinct integers. A connected graph of degree k on n vertices is quasi-strongly
regularwith parameters (n, k, λ; c1, c2, . . . , cp) if any two adjacent vertices have λ common neighbors,
and any two non-adjacent vertices have ci common neighbors for some i (1 i p).
Since Γ is a regular near polygon, Λ is edge regular. It follows that Λ is quasi-strongly regular. In
this section we compute all the parameters of Λ.
For the vertex P1 in Λ as in Section 2, since
Λr(P1) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Φ1(1) ∪ ⋃
a∈Fq
Φ2(1, a) if r = 1,
Φ1(r) ∪ ⋃
a∈Fq

2(r, a) ∪ Φ3(r) if 2 r  ν ,
∅ if r > ν ,
(6)
the diameter of Λ is ν .
Let Λ(P) be the set of neighbors of P in Λ. Clearly, |Λ(P) ∩ Λ(Q)| = 0 whenever the distance
∂(P, Q) 3. Nowwe studyΛ(P) ∩ Λ(Q) for any two vertices P and Q at distance 2. By Theorem 2.3 it
sufﬁces to consider Λ(P1) ∩ Λ(Q), where Q is one of the following subspaces:
Q1 =
([
εI(2), 0(ν−2)
]
I(ν) 0(ν ,1)
)
,
Q2 =
([
b, ε, 0(ν−2)
]
I(ν) E1
)
, where b = μ + εa,
Q3 =
([
A2, 0
(ν−2)]+ μE1E∗1 I(ν) E1) .
(7)
Lemma 3.1 ([12]). For any vertex R = (A I(ν) C) ofΛ, the neighborhood of R isΛ(R) = Ω1 ∪ Ω2, where
Ω1 = {(A + X I(ν) C) | X + X∗ = 0 and rank X = 1},
Ω2 =
{
(A + ωDD∗ − DC∗ I(ν) C + D) |ω ∈ Fq2 , ω + ω¯ +1 = 0 and 0 /= D ∈ Mν1
(
Fq2
)}
.
Lemma 3.2. Let Q be one of Q1, Q2, Q3 in (7). For ν  2, the set Λ(P1) ∩ Λ(Q) is⎧⎨
⎩
⎛
⎝ε − x y 0 1 0 0 0−y¯ x 0 0 1 0 0
0 0 0(ν−2) 0 0 I(ν−2) 0
⎞
⎠
∣∣∣∣∣ x, y ∈ Fq2 , x + x¯ = 0and x2 − εx = yy¯
}
if Q = Q1,
⎧⎪⎨
⎪⎩
⎛
⎜⎝bx −(b¯ + x)y¯ 0 1 0 0 xby ε(1 − x) 0 0 1 0 y
0 0 0(ν−2) 0 0 I(ν−2) 0
⎞
⎟⎠
∣∣∣∣∣ x, y ∈ Fq2 , bx + bx + xx¯ = 0and εx¯(1 − x) = byy¯
}
if Q = Q2,
⎧⎪⎨
⎪⎩
⎛
⎜⎝
xx¯y x 0 1 0 0 x
x¯yy¯−1 y¯−1 0 0 1 0 y¯−1
0 0 0(ν−2) 0 0 I(ν−2) 0
⎞
⎟⎠
∣∣∣∣ x, y ∈ Fq2 , y + y¯ + 1 = 0and yx¯ − xy¯ = μ − y¯
}
if Q = Q3.
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Proof. If Q = Q1 or Q2, by [12, Theorem 3.5], the desired assertion follows. Nowwe considerΛ(P1) ∩
Λ(Q3). Let R ∈ Λ(P1) ∩ Λ(Q3). Since R ∈ Λ(P1), by Lemma 3.1
R = (X I(ν) 0), where X ∈ Mν
(
Fq2
)
, X + X∗ = 0, rank X = 1, (8)
or
R = (yDD∗ I(ν) D), where y ∈ Fq2 , y + y¯ + 1 = 0, 0 /= D ∈ Mν1
(
Fq2
)
. (9)
If (8) holds, by ∂(Q3, R) = 1 and rank X = 1 we know that X is of the form X = xE1E∗1 − E2E∗1 ,
contradicting to X + X∗ = 0.
If (9) holds, by ∂(Q3, R) = 1 we have
1 = rank((yDD∗ D) − ([A2, 0(ν−2)] + μE1E∗1 E1))
= rank((yDD∗ D) − ([A2, 0(ν−2)] + μE1E∗1 E1))
(
I(ν) 0
−yD∗ 1
)
= rank(E2E∗1 − E1E∗2 − μE1E∗1 + yE1D∗ D − E1).
It follows that tD = (x, y¯−1, 0, . . . , 0), where yx¯ − xy¯ = μ − y¯. Hence
Λ(P1) ∩ Λ(Q3)
= {(yDD∗ I(ν) D)| tD = (x, y¯−1, 0, . . . , 0) with y + y¯ + 1 = 0, yx¯ − xy¯ = μ − y¯ },
as desired. 
Lemma 3.3. Let P and Q be any two vertices of Λ at distance 2. If ν  2, then |Λ(P) ∩ Λ(Q)| is equal to
q2 − q, q2 + 1 or q2.
Proof. If Q = Q1 or Q = Q2, by the proof of [12, Theorem 3.5], |Λ(P1) ∩ Λ(Q)| is equal to q2 − q or
q2 + 1. In order to prove the lemma it sufﬁces to show that |Λ(P1) ∩ Λ(Q3)| = q2.
By Lemma 3.2, |Λ(P1) ∩ Λ(Q3)| is the number of pairs (x, y) ∈ Fq2 × Fq2 satisfying
yx¯ − xy¯ = μ − y¯, y + y¯ + 1 = 0. (10)
By (10) we obtain (εy)x¯ + xεy = με + εy. By Lemma 2.1, the equation y + y¯ + 1 = 0 has exactly q
solutions y in Fq2 . Note that με + εy ∈ Fq. Once such y is chosen, again by Lemma 2.1, the equation
(εy)x¯ + xεy = με + εyhasexactlyq solutions x inFq2 , henceyx¯ − xy¯ = μ − yhasexactlyq solutions
x in Fq2 . Therefore, |Λ(P1) ∩ Λ(Q3)| = q2. 
Note that if ν = 1, Λ is a clique with q3 vertices.
Theorem 3.4. Let ν  2. Then Λ is a quasi-strongly regular graph with parameters⎧⎪⎨
⎪⎩
(
q8, (q2 + 1)(q3 − 1), q3 − 2; q2 − q, q2, q2 + 1
)
if ν = 2,(
qν(ν+2), (q2ν − 1)/(q + 1) + q(q2ν − 1), q3 − 2; 0, q2 − q, q2, q2 + 1
)
if ν  3.
Proof. The graph Λ consists of the vertices as the form (3), so n = qν(ν+2). By Theorem 2.4 and (6),
k = |Φ1(1)| +
∑
a∈Fq
|Φ2(1, a)| = (q2ν − 1)/(q + 1) + q(q2ν − 1).
Note that P2 =
([
ε, 0(ν−1)
]
I(ν) 0(ν ,1)
)
∈ Λ(P1), in order to compute the parameter λ, it sufﬁces to
compute the size of the common neighbors of P1 and P2. Since Γ is a regular near polygon, the size
ofΩ = Γ (P1) ∩ Γ (P2) ∩ Γν−1(P0) is at most 1. The fact that
([
ε, 0(ν−1)
]
[0(1) I(ν−1)] 0(ν ,1)
)
∈ Ω
implies that |Ω| = 1. By [2, Theorem 9.4.3], λ = q3 − 2. Combining Lemmas 3.2 and 3.3, the desired
result follows. 
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